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LE'lTER TO THE EDITOR 

Some algebraic identities in anomalous gauge theories? 
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Center of Theoretical Physics, CCAST(World Laboratory), Beijing, People's Republic of 
China, and Institute of Modern Physics, Northwest University, Xian, People's Republic 
of China 

Received 26 January 1989 

Abstract. Some useful algebraic relations between the anomaly of D,J" and anomalous 
commutators are derived using only the canonical commutators and the equation of motion. 
Their applications are discussed. 

The consistent anomaly in chiral gauge theories has attracted much interest in the past 
couple of years (see [ l ]  for reviews and references to the original literature). On the 
other hand, Faddeev [2] conjectures that there may exist an anomalous term in the 
commutator of the Gauss law constraints. This suggestion has encouraged others [3,4] 
to compute this commutator explicitly. In [3], Jo perturbatively computes the various 
kinds of commutators; for example, the commutator between the current and the 
electric field and the commutator between two electric fields. In this letter I shall 
establish some algebraic relations between these commutators and the anomaly of 
DJ" (where J z  = &f (  1 - yS)/2t"4). The derivation is purely algebraic and involves 
no regularisation at any point. The typical uses to which these relations can be put 
are to obtain the anomaly of D,J' from the E - E  and Jo-E commutators and to 
compute the Schwinger-Jackiw-Johnson ( SJJ) term in the commutator of the constraints 
from the anomaly of D,J". 

In the Weyl gauge, the equations of motion of gauge fields interacting with sources 
are 

d o E f ( x )  = J f ( x ) + ( D k F k ' ( x ) ) "  E : (  X )  = - d o A : ( x ) .  (1) 

It is easily shown that the Gauss law constraint, G " ( x )  = ( D , E ' ( x ) ) "  + J , " ( x ) ,  satisfies 
the anomalous Ward identity [ 5 ]  

d o G " ( x )  = HZon(x) (2) 

H & ( x )  = (D,J"(x))" = d o J , " ( x )  +f"b'AP(x)JT(x)  (3 )  
is the consistent anomaly in the Weyl gauge. 

The occurrence of the anomaly in (2) means that the constraint is not a conserved 
quantity. When we impose on the physical state the Gauss law condition at an initial 
time, this condition is not satisfied at a later time. Therefore, we cannot consistently 
quantise the anomalous gauge theory in the conventional way [6]. 

where 

t Supported in part by the Chinese National Postdoctoral Foundation. 
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The usual canonical commutators are 

[AP(x), A,b(y)l= 0 (4a) 

[E;(x), Ajb(y)] = 6 4 " b 8 3 ( ~  - y ) .  (4b) 

Starting with the above equations (1)-(4), we can derive the following formal relations. 

Relation I. [EP(x), Ejb(y)] = [J?(x), Ap(y)]. 

Proof: Differentiating (4b) with respect to time, and replacing the time derivatives of 
EP(x) and AP(x) by ( l ) ,  we obtain relation I at once. 

Relation ZZZ. 

Proof: Let [G"(x) ,  Gb(y)]  =f"b'G'(x)S3(x - y ) +  Wab(x, y). Differentiating this 
equation with respect to time, and replacing aoG by (2), we obtain 

a0wab(x, V )  = EG"(x), ~ : o n ( y ) I - [ ~ ~ ( y ) ,  ~:on(x)I  - f " b c ~ : 0 n ( ~ ) 8 3 ( ~  - Y ) .  

Obviously, 
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In the same way, we have 

[ G b ( y ) ,  ~ : o n ( x ) I  

Combining all these equations gives relation 111. 

Relation I1 reveals the connection between the divergence anomaly and the E - E  
and Jo-E commutators, and suggests an initimate connection between the anomaly 
and the SJJ term in the commutator of the Gauss law constraints. These relations are 
established by purely algebraic manipulations, without involving regularisiation at any 
point. This means that while the calculation of any anomalous object must involve 
some kind of regularisation at some stage, two or three related anomalies can be 
connected algebraically. As the first application to these relations, we shall obtain the 
anomaly of DJ' from the E -  E and Jo-E commutators. In [3] ,  Jo derives the following 
E -  E and Jo-E commutators using the BJL (Bjorken-Johnson-Low) limit method: 

[ E ; ( x ) ,  E , b ( y ) ] = z  Tr{t", t b }AkS3(x -y )  ( 5 )  
1 

[ E 4 ( x ) ,  Job(Y)l 
-1 

24r2 
fzijk Tr{t", tb}Ajdks3(x-y)  -- - 

1 -- E i jk  Tr{ t", t ' }ajAkS3(  x - y )  
12?12 

eVk(Tr{f4, tb)AjAk -Tr C ~ A ~ ~ " A ~ ) ~ ~ ( X  - y ) ,  
1 

1 6 r 2  
-- 
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Substituting ( 5 )  and ( 6 )  into the left-hand side of relation I1  gives 

Tr{t", tb}akAJ3(x  - y )  
1 

2 4 r 2  
- - - 

1 
48 T 
+y dk'(Tr( t",  th}AkAi+Tr t"AitbAk)S3(x - y )  ( 7 )  

which yields 

(8) 
1 

H:,,,,(x) =y Tr E , ( t " ~ l A k + ~ , A k t " + ~ A I A k t " + f A l t " A , + f r " A , A k )  
24 T 

which is the well known expression of the divergence anomaly in the Weyl gauge. 
Therefore, we computed the anomaly of DPJp using the anomalous E -  E and Jo- E 
commutators. This may be regarded as a perturbative derivation of the divergence 
anomaly, since the anomalous E - E  and Jo- E commutators used here were calculated 
using the BJL method. Of course, this is not the whole story. We wanted to show the 
relations between the anomalous E-E and Jo-E commutators and the anomaly. 

The second application to the relations 1-111 is to obtain the SJJ term in the 
commutator of the Gauss law constraints from a known expression for the divergence 
anomaly. Relation I11 provides such a possibility. As for the divergence anomaly, we 
shall use the well known expression (8). Given the divergence anomaly, to simplify 
the left-hand side of relation 111 is only a trivial task. After a long but direct calculation, 
we find 

+Tr t " a i ( A j t b A k ) ] 8 3 ( ~  - y )  (9) 
which is just the expression found by Jo through the BJL method and differs with the 
expression originally predicted [2] only by some trivial terms. This may be regarded 
as a non-perturbative derivation of the Wab. 

In conclusion, we have obtained some algebraic relations between the divergence 
anomaly and the anomalous commutators. These relations provide new ways of 
computing the divergence anomaly and the SJJ term in the G-G commutator, and 
show clearly the intimate connection between the anomaly and the anomalous commu- 
tators. 

In a recent paper, [7] we showed the connection between the anomalous Jacobian 
and the divergence anomaly by obtaining the former from the latter. The analysis 
there plus the one here demonstrate that the anomalous commutators and Jacobian 
are the other faces of the divergence anomaly. 
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